We investigate the behavior of the interface between two fluids in a two-dimensional flow driven by surface tension. The geometry is chosen so that one can apply a variant of the lubrication approximation and so that the more-viscous fluid will have a tendency to change its topology by separating into two masses. Simulations are used to show that, with appropriate initial and boundary conditions, this separation can occur in a finite time. We particularly focus our attention at the pinch point, i.e. , the spacetime point at which the width of the viscous fluid first goes to zero. The lubrication approximation used contains a parameter p which measures the strength of the inertial forces. Since the fluid velocity diverges as the pinch is approached, the behavior is qualitatively different for small p and for p=O.
I. INTRODUCTION In a previous paper [1] , we described the behavior of a Hele-Shaw [2] cell in the lubrication approximation. Figure 1 shows a Hele-Shaw cell setup. This cell is a quasitwo-dimensional system in which two Auids, which we will simply call air and water, are confined to the narrow space between two closely spaced parallel glass plates.
The water has a much higher viscosity than the air. The water undergoes a Row which is driven by pressure gradients. are interested in asking how a mass of water can divide into two disconnected pieces. In [1] , we argued that just before breakup there would be a thin bridging region which could be described by a variant of the lubrication approximation. We then looked at how the bridge could get narrower and narrower and finally pinch off at infinite time.
In this paper we are concerned with pinch-offs that occur at finite time. The form of the hydrodynamic How in the bridge is described by analytical arguments and computer simulations.
In one limit, we compare the asymptotic behavior near the pinch with a matched asymptotic expansion.
Later in this section we derive the appropriate form of the lubrication approximation [6] to describe the thin bridge. The approximation takes into account inertial effects since Aow through a narrow pinch tends to produce suKciently high velocities to have a qualitative significance. With inertia, the approximation is a pair of nonlinear differential equations for the velocity and thickness of the material in the bridge. If the inertial parameter, called p, is set to zero, the approximation reduces to the one used in the previous paper [1] . Section II details the specific models to be studied and describes the numerical methods used. Two particular situations with finitetime touchdown are studied using simulation in Sec. III [3] .
An experiment in a Hele-Shaw cell was performed recently and indicates that droplets do break up in finite time [4] , though it is not clear how important a role is played by the actual three-dimensional nature of the cell. In this paper we will not try to examine the details of this experiment; instead we will investigate whether, under the simplifications we have just made, the thin neck of a droplet in the Hele-Shaw cell will be able to break up in finite time.
The change in topology of the Quid in a Hele-Shaw cell was studied recently by Shelley, Goldstein, and Pesci [5] . They considered a situation in which the development of the singularity was driven by gravitational forces which result if the cell is tilted instead of horizontal.
A. Derivation of lubrication approximation
Further simplifications can be made since the width of the Quid neck is very thin. A standard lubrication approximation [6] will be applied to this thin neck region. We will limit ourselves to symmetrical neck cases since we believe they are physically more stable. For such a symmetrical neck, one variable h (x, t) is enough to describe its shape, where x describes distance along the symmetry line, t is the time, and 2h is the thickness of the interface at position x.
The lubrication approximation is based on the assumption that the fluid system we are studying is a viscositydominated system and the interface is very thin so that we can treat the pressure as a function of x only. Thus the fiow velocity will mainly point in the x direction and its x component, which we denote by v, satisfies p(u, +vu )+u +p"=O. (2) Therefore the total current of particles j is velocity times height j =vh, and the continuity equation gives B,h+B, j=0.
(3) (4) This approximation enables us to connect the pressure inside and outside of the viscous Quid by p =P(t) rh»- (5) where P (t) is the pressure of the air.
If we put together Eqs. (l) - (5) and make proper rescaling, we will get the following set of equations:
When p=0 (inertia is neglected), we can replace this by h, +(hh""") =0 .
Henceforth we limit ourselves to studying the models defined by Eqs. (6) 
II. SIMULATIONS AND LOCAL ANALYSIS
Imagine that we have a common of Quid of finite thickness and gradually increase the outside pressure to squeeze (see Fig. 2 ). There is no doubt that at late time Bearing the physical picture of our system (see Fig. 1 
The term uu" is approximated using an upwinded difference quotient for -, '(U },where the upwind direction is based on u. This approximation is denoted -, '5"(U ) and is defined as follows:
(v, -v, 1)/(x, +(1/2) -x; (1/2)) otherwise .
For simplicity we describe the difference scheme in space first and later indicate the time discretization. We replace the equations in. (6) as follows:
The boundary conditions are imposed by setting h~= 1, p& =0, and using the symmetry at x =0. The fully discrete system is a set of nonlinear equations at each time level, and these equations were solved using Newton's method. The Jacobi matrix has all of its nonzero entries very close to the diagonal if one chooses an appropriate order for the computational unknowns, and the solution of the linear equations in Newton's method is not a dominant expense.
The time steps used in the solution of the discrete scheme were chosen dynamically so as to control several aspects of the simulation. When any constraint was violated the step was rejected and tried again with a smaller step size. If all the constraints were easily being met (and had been so for several steps) the step size was increased by about 20% on the next step. There was a constraint based on local time truncation, and another which assured that no step was accepted on which the minimum of h decreased by more than 10%%uo. There was also a step constraint which assured that the correction on the first iteration of Newton's method was a very small fraction of the change over the step, where the initial guess at the change was the change over the previous step, corrected for any difference in dt' s. This last constraint allowed us to conduct most of our experiments using only one Newton iteration per time step.
The spatial grids used were highly graded so that they were very fine near the singular points and less fine in other parts of the region. The location of the fine grid was a manual process which involved examining a sequence of finer and finer meshes. The meshes used had locally constant hx s and the hx s were increased or decreased by a factor of 2 at any point where they were changed. (In fact all the hx values used were negative powers of 2.) where P;";", & is a constant less than 2.
The outside pressure field P(t) changes with time as shown in FIg. 2. The specific formula for the pressure is P;";"»+ (Ps"» -P;";"» )(3 -2s)s if 0 (s (1 (17) where s =t/0. 05.
In the case we want to examine now, P;";"»= -", 4', Ps"» = 5. (The only change from our previous study [I] is that earlier we used P;";"»=Ps"»=5. ) Fig. 6 . The t, is adjusted as a parameter to get the straightest line in the plot of (t, -t)I+h;"versus logio(t, t) Our -ma.tched asymp-10' 10 
III. RESULTS OF SIMULATION
In this section we discuss the numerical simulation results in detail. We observed different behavior for the no-inertia case and the inertial case; these two cases are treated in separate subsections. A. Finite-time singularity in no-inertia case h(x, 0)=1 -
We present evidence of finite-time singularity in the solutions of Eq. (7) . We have seen finite-time singularities with several different initial conditions but will exhibit one case in detail.
The initial condition we used in our simulations for no-inertia case is There are several other interesting quantities in this problem which deserve careful study. Let us examine them one by one.
The first one is the current at the minimum point of h(x, t), J;"(t)=j (x;"(t), t). From Fig. 7 one can immediately find that now J;"(t) goes to zero in finite time.
When the outside pressure becomes constant (t ) 0.05), the current of the water gradually forms a new minimum around x;"and j at this new minimum goes to zero in finite time (see Fig. 7 ). This feature is certainly different from what we observed in our previous studies, for which, in the pinch region, j went to zero only at infinite time. The zero in j will be a crucial fact in understanding our solutions. Next we performed a power-law fit to find the relation between J;"(t) and t, t Here we -use. the t, One is R3 =(t, -t)/J;",where J;" is the current j at x;".
The other is R4=10(t, -t)" /J;". Fig. 10 , where power 0.54+0.05 is our best fit from a log-log plot of L* versus t, -t. It is related to the current j (see Fig. 9 ). It can be measured in the following way: find the minimum of the current (for late time it is at x;"). Figure 21 exhibits how h;"(t)changes with t when t~t, Figure. 21 can be fit via (t) (t t)0. 766+0.050 when t~t, from below.
Good power-law fits are found in the behaviors of x~;"(t) -xm;"(t,) versus (t, t) (see Fig. 22 ); -J;"(t)
h Table I .
, "(t)-(t, -t) ', g(t)-(t, -t) ', x;"(t, ) -x;"(t)-(t, -t) ', J;"(t) -(t, -t)', 0(x;"(t), t)-(t, -t)~,
It is worth pointing out the difference of the shape of the pinch region between the two cases. %'hen p=0, we always see that when I. ))~x -x;"(t) )) g the pinch region is formed by two parabolas tangential to the x axis. This is no longer the case. Figure 27 shows A. Asymptotic analysis for p%0 point a =x;"(t)with typical velocity u =v(x;"(t), t) and length scale g. We write Next we turn to a rough asymptotic analysis which describes the situation in which p is not zero. We start from Eqs. (6) to get h(x, t)=h, "(t)H(rt), .
v(x, t)=u (t) V(g), (30) (3l) h, +(vh) =0, p(v, +vv )+v =h"". The water velocity at x;", v(x;"(t), t ) is plotted vs t, -t.
These results agree well with the scaling indices displayed in Table I . Then if we use the notation of Table I , we can write -v, H + v2gH"+( VH)"=0, gV+v3t) V"+VV"=H""".
[The rescaling of t) that is implicit in the use of (34) without coefticients could leave a coefficient on H"""but this term will be very small for large t we must assume that for large g, V is small and then notice that H"""will be zero. Then H will be quadratic in
We cannot see how to get balance with indices close to those in Table I if H grows like g, so we assume that H is linear in q, ' specifically,
(ii) Two somewhat wider regions bordering on the pinch region. The region which lies at higher (lower) values of x than the pinch is described by the upper (lower) of a pair of signs, + ( -). In these two regions, the lowest-order terms in g (x, t) will be cubic in x, hence g -2 +(x -a) Then, as we have discussed before, P -h =P -3(A g II = g+ A rl + .
with p (0. Then, to make V small we assert that V) =V2 so that the first equation of (35) now gives (36) (37) is the pressure, assumed almost constant, in each of these regions. This assumption of constancy will permit an asymptotic expansion for these regions which can then be matched [7] to the solution near the pinch. 
il=(x -a)/J h(x, t)=g (x, t),
and write Eq. (7) as.
B. Matched asymptotic solution for p =0 case
We are looking for a similarity solution to Eq. (7) which holds in the neighborhood of the pinch point. To find this kind of solution, define a new variable g (x, t) by We assume that J goes to zero as e goes to zero. Our assumption that the leading-order x-dependent term is the one of order J is the assertion that the pressure, which is P -g, is finite at pinch off. Substitute expan- 
We analyze the solution to Eq. (43) by looking at three regions.
(i) A very narrow pinch region in which h (x, t) is very small but positive. In this region, centered at x equal to a (t) =x;"(t),we assume that, to leading order, the current in this region, j(x, t)= -g, (x, t), depends upon time but is independent of x. This assumption will be the basis of an asymptotic expansion in this inner region. (51) Here, the + symbols have been dropped temporarily to achieve a relative simplicity of notation. In addition, we
To get a simple expansion for R, assume that the correction term R" in the denominator of Eq. (57) 
